Abstract. For the multicast rearrangeable 3-stage Clos networks where input crossbars do not have fan-out capability, Kirkpatrick, Klawe, and Pippenger gave a sufficient condition and also a necessary condition which differs from the sufficient condition by a factor of 2. In this paper, we first tighten their conditions. Then we propose a new necessary condition based on the affine plane such that the necessary condition matches the sufficient condition for an infinite class of 3-stage Clos networks.
Introduction. Consider a 3-stage Clos network C(n
, r 1 , m, n 2 , r 2 ), where the input stage consists of r 1 n 1 × m crossbars, the middle stage m r 1 × r 2 crossbars, the output stage r 2 m × n 2 crossbars, and where there exists one link between every pair of crossbars between two adjacent stages (see Figure 1) .
The inlets of the input crossbars are the inputs of the network, and the outlets of the output crossbars are the outputs of the network. In the multicast traffic network, an input can appear in a request more than once. If the appearance is restricted to at most f times, the traffic is called an f -cast traffic. If there is no restriction, then it is called the broadcast traffic. A network is rearrangeable if any set of disjoint pairs of inputs and outputs can be simultaneously connected. If the calls come sequentially, rearrangeability means we can disconnect all existing connections and reroute them together with the new call simultaneously.
A crossbar is said to have the fan-out capability if the crossbar itself can route multicast traffic without blocking, i.e., any inlet can be connected to any number of idle outlets regardless of other connections. If the crossbars in a given stage perform only point-to-point connections, then we say the stage has no fan-out capability. Four models have been studied [3] on 3-stage Clos networks:
Model 0. no restriction on fan-out capability, Model 1. input stage has no fan-out capability, Model 2. middle stage has no fan-out capability, Model 3. output stage has no fan-out capability.
Masson and Jordan [7] proved that C(n 1 , r 1 , m, n 2 , r 2 ) under model 2 is multicast rearrangeable if and only if m ≥ max{min{n 1 f, N 2 }, min{n 2 , N1}}. However, necessary and sufficient conditions are not known under the other models. Under model 1, Kirkpatrick, Klawe, and Pippenger [6] gave a sufficient condition for C(n 1 , r 1 , m, n 2 , r 2 ) to be multicast rearrangeable, and also a necessary condition which differs from the sufficient condition by a factor of 2. In this paper, we tighten their conditions, then propose a new necessary condition which matches the sufficient condition for an infinite class of networks.
Main results.
Kirkpatrick, Klawe, and Pippenger proved the following theorem.
Theorem 2.1.
2 . In the following theorem we modify Theorem 2.1(i) by considering integrality of the number of crossbars. We also improve Theorem 2.1(ii).
The set L of requests each asking to connect to at least (
outputs has size of at most
Route each of these requests through a distinct middle crossbar. A request g other than these can ask for connections to a set O g of at most ( n2r2 n2−1 ) 1/2 − 1 output crossbars. Such a request has to be routed through a middle crossbar not taken by any of the at most ( (
1/2 − 1)(n 2 − 1) outputs on crossbars in O g , nor by the n 1 − 1 inputs on the same input crossbar as g. Therefore
middle crossbars are sufficient to route g. However, if n 1 − n 2 + 1 < 0, the number of middle crossbars still cannot be less than the number required to route L.
(ii) Construct a complete graph K v with v = (2r 2 ) 1/2 vertices and e = Since every pair of requests intersect in at least one output crossbar, each of the vc requests must be routed through a distinct middle crossbar.
Our construction in (ii) improves over that of [6] by increasing the number of edges in K v . The corresponding graph in [6] contains only r 1/2 2 vertices, hence roughly r 2 /2 edges. Corollary 2.3. Part (ii) is valid for f -cast traffic with f ≥ (2r 2 ) 1/2 − 1. Next we give a stronger necessary condition which is based on the observation that requests from the same input crossbar cannot use the same middle crossbar, even if the requests do not intersect (in output crossbars). Then the request graph we need to construct is no longer a complete graph, but a graph whose vertices can be partitioned into r 1 subsets such that an edge exists between every pair of vertices from different subsets. Such a graph corresponds to a resolvable block design. A block design B(n 2 , n 2 + n, n + 1, n, 1) is called an affine plane of order n. It is well known that every affine plane is resolvable and that an affine plane of order q exists whenever q is a prime power; see [1] .
Theorem 2.4. For every prime power q, and every M in the range
Proof. For a prime power q we know that there exists an affine plane of order q, i.e., a resolvable block design B(q 2 , q 2 + q, q + 1, q, 1). Identify the elements as the output crossbars, the orbits as the input crossbars, and the blocks as inputs, while the elements in a block i represent the output crossbars input i requests to connect. Note that each output crossbar appears in M ≤ n 2 requests. Hence the given set of requests are legitimate.
By our construction, two requests from different input crossbars (orbits) intersect in one output crossbar and hence must be routed through different middle crossbars. Requests from the same input crossbar do not intersect in any output crossbar, but still have to be routed through different middle crossbars since they share the input crossbar. Therefore the total number of middle crossbars required is at least the number of requests constructed above, which is q(q + 1).
Introduction of the parameter M is just to broaden the applicability of Theorem 2.4, i.e., n 2 does not have to be equal r, but can be less. 3. Conclusions. The current necessary condition for broadcast rearrangeable 3-stage Clos networks differs from the sufficient condition by a factor of 2. We tightened these conditions such that they match for an infinite class of 3-stage Clos networks. This shows that our tightened conditions cannot be further improved for general parameters.
While the main results obtained for multicast rearrangeable 3-stage Clos networks are for broadcast networks so far, our arguments for necessary conditions are valid also for f -cast networks for some specific f as shown in the corollaries, thus starting the study of f -cast rearrangeable 3-stage Clos networks, which has been a vacuum so far.
The model-1 model can be interpreted in two ways. One is that the input crossbars do not have the fan-out capability, and thus perhaps can be obtained with a cheaper cost. The other is that they do have the fan-out capability, but our routing algorithm chooses not to use it. This type of routing algorithm has been used in the mixedrequirement model where all point-to-point requests meet the strictly nonblocking requirement and all f -cast requests for f ≥ 2 meet the rearrangeable requirement [2, 4, 5] .
